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Nomenclature
a = distance from pendulum damper mass to 0
Ao = moment of inertia of undeformed configuration
about 0’z or 0'y’
A(r),B(r),
C(7),D(r) = variables of motion defined in Egs. (8)
Q11,00 = constants defined in Egs. (12)
by,be = damping constants of platform and rotor
dampers, respectively
€1,Ca = dimensionless damping constants, b;/m@ and
ba/IQ, respectively
dya,dn = constants defined in Eqgs. (13)
Co = moment of inertia of undeformed configuration
about 0’2’
Cr = moment of inertia of rotor (including sphere)
about 0’2z’
GG, = spring constants of platform and rotor dampers,
respectively
I, = moment of inertia of rotor damper about its
center of mass
I = dimensionless inertia, I/ A4,
J = Cr/4,
K, K, = constants defined in Eq. (6)
k1,2 = dimensionless spring constants (G;/mQ?) —
3(1 — p) and G»/I.92, respectively
m = mass of platform damper
0 = instantaneous mass center of configuration
0’ = mass center of undeformed configuration
O'z'y'z = reference frame associated with undeformed
configuration, with 0’2z’ and 0’y’ aligned
along principal axes of the platform, and 0z’
aligned along the common principal axes of the
two bodies
Ozyz = reference frame associated with deformed con-
figuration, constrained to be parallel to
lelylzl
D,P1,P2 = natural frequencies
R = dimensionless inertia, ma?/4,
t = time
Wi, W, = dimensionless variables, w./Q and w,/Q, re-
spectively
a = dimensionless rotation rate, vo/Q
i} = angular deflection of rotor damper
% = rotation angle of rotor with respect to platform
Yo = angular speed of rotor with respect to platform
A = (Co - Ao) / Ao
. = small parameter
£ = dimensionless displacement, x/a

Received March 26, 1971; revision received June 23, 1971-
The author wishes to acknowledge contributions to this work
made by D. L. Mingori of University of California, Los Angeles.

Index category: Spacecraft Attitude Dynamics and Control.

* Research Scientist. Member ATAA.

VOL. 8, NO. 10

= = determinant defined after Eq. (10)

Ay A, = expressions defined after Egs. (4)

T = dimensionless time, Q¢

“ = ratio of m to satellite mass

Q = angular rate of circular orbit

0,05, Wz = component absolute angular velocities of 0Ozyz
reference frame

¥,0,¢ = Euler orientation angles, depicted in Fig. 1

X = linear deflection of platform damper

() = denotes differiation with respect to time

Cy = denotes differentiation with respect to dimen-
sionless time, 7

() = denote “averaged’’ variables

Introduction

ECENTLY, a “method of averaging’’ formulation has
been used to solve linearized equations describing the
motion of a dual-spin satellite rotating in a force-free environ-
ment.! In the present Note, the formulation and results are
extended to account for the influence of the Earth’s gravita-
tional field when the satellite is in circular orbit with spin axis
approximately normal to the orbit plane.

Equations of Motion

Paralleling Ref. 1, the dual spin configuration chosen for
study is composed of a platform which contains a pendulum
damper and a rotor which contains a spherical damper, as in
Fig. 1. The rotor rotates with respect to the platform about
0’2z’ with angle v. The satellite axes (0zyz) are referenced to
orbital axes (04,4:435) by-a set of Euler angles (y,0,¢) gene-
rated by the right-hand rotation scheme in Fig. 2: 1) y about
04,1, leading to axes (0B1B:B3); 2) 8 about 0B; leading to axes
(0C\C:C5); 3) ¢ about 0C; leading to axes Oxyz. Linearized
kinematic equations relating the spacecraft angular rates to
the Euler angles are

b=w.—Q¢Y; y=w,+90;, ¢é=w —Q '6))

Both rotor and platform are assumed to be symmetric
about 0’2’ when the configuration is undeformed, and conse-
quently the linearized expression for gravitational torque
about axes 0z is identically zero. We assume that the rota-
tion angle v is controlled by supplying a torque with an in-
ternal motor in the manner outlined in Ref. 1, which results
in the rotation rate being a constant v, and ¢ being zero,
under steady-state conditions. Consequently Egs. (4, 5, and
8) of Ref. 1 are preserved.

The equilibrium solution of interest corresponds to pure
rotation of the satellite about the 04; axis (and hence about
0z) with the platform pointing at the Earth, i.e.,

o =0; v=79d w =210 (2a)
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Fig. 2 Rotation scheme defining Euler angles.

V=0=w,=w,=x=8=0 (2b)

The solution (2a) satisfies identically the third statement in
Eq. (1) together with Eqs. (4) and (5) of Ref. 1. Four dy-
namical motion equations linearized about solution (2b),
readily derived by paralleling the development of Eqgs. (9-12)
of Ref. 1 (with minor additions to account for gravitational
forces) and subsequent use of the first and second statements
of Eq. (1), are

V' 4+ (A +Ja)Yy + (A +Ja~ 1D = eAy (3a)
— A+ Ja—~ D¢ + 0"+ (4A 4 Ja)8 = eA; (3D)
A=ttt +hi=—0"—2y +40 (4a)
B" + B’ + kB = a(y’ — 6) cosy +
(Y" — 0') siny + (0’ + ) siny —
(6" + ¢') cosy (4b)
where
A = € Y2RE + IB” siny + I(a + 1)8’ cosy}
Ay = e {R(—&" + 48) — IB” cosy + I(a + 1)B’ siny}

7 = Qf, and the primes denote differentiation with respect to
7,and o = ¥4¢/Q. The dimensionless constants a, ¢, ki, ete,
are as defined in Ref. 1, but are normalized with respect to a
particular w, equal to £, in this instance.

Solutions When the Dampers are Absent

With the dampers absent, B and I are zero, consequently
Ay and A, are zero, and Eqs. (3) admit a solution

¥ = 01 cospiT + 8 sinpir + 83 cosper + 84 sinper (5a)
6 = Kb, sinpir — Kids cospir + Kobs sinper —
K84 cospsr  (Bb)

where 61, 05, 0, and 8, are arbitrary constants, the K’s are
given by

K,=—(—p?+ A —I—Ja)/{pi(A +Ja — 1)} =
—pi(A+Ja—1)/(—p2+4A + Ja)
1 =12 (6)
and p,% and ps? are roots of
p* — {(A + Ja)? + 3A + 1}p? +
A+ Ja)dA +Ja) =0 (7)

Only two of four possible solutions of Eq. (7) are implied in
Eq. (5); the positive branches are selected (without loss of
generality) for the following work.
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Fig. 3 Parameter
plane for satellite
stability when
damping is absent
(crosshatch denotes
instability).
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Stability, determined by the sign of the roots of Eq. (7), is
summarized in chart form in Fig. 3. The chart is equivalent
to the previously published Fig. 3 of Ref. 2, but has the added
feature of portraying all regions of instability within a finite
region, namely [Ja| < 4.

Transformation of Equations

New variables A (7), B(r), C(r), and D(7r) are introduced to
replace 8, ¢, 8, and ¢/, via the transformation

¥ = A cospuir + B sinpir + C cospar + D sinper (8a)
' = —Ap, sinpir + Bpi cospir — Cps sinper +
Dpscospar  (8b)
0 = K 1A sinpir — KB cospyr + KsC sinpsr —
KsD cospsr (8¢)
0 = KiAp, cospir + K Bp, sinpyr +
KopsC cospar + KapeD sinp,r  (8d)

motivated by Eq. (5). Differentiation of Eq. (8a) and use of
(8b) results in the additional constraint equation,

A’ cospir + B’ sinpir 4 C' cosper + D' sinper = 0 (9a)
Similarly Eqgs. (8¢) and (8d) yield,
K A’ sinpyr — K\B’ cospir + KoC' sinpsr —

KoD' cosper = 0 (9b)

Substitution of Egs. (8) into Egs. (3) and further combination
with Eqgs. (9), results in,

A" = (e/E){ (pKa2 — plKiKy) Ay sinpir +

(piKs — p2K)As cospir} (10a)
B’ — (¢/E){ — (p2Ks* — pK1Ka)A; cosprr +

(K> — paKy)As sinprr}  (10b)
C' = (¢/E){(nK1® — p:KiK2)As sinper —

(pKa — paK1)Az cosper}  (10c)
D' = (¢/E){ — (piK1* — pKiK2) A, cosper —

(piKs — pKi)As sinper}  (10d)
where

5 = (K1 — pKo) (p:iKe — paKy)



1094 J. SPACECRAFT

(l,dn
o] (o] [e] [} ] [e] [e] [o]

? [o]
'1
|
| ?
| 180 |
| R=0.) i
| =0 i
| k=5 |
| 160 £:=0.001 |
I |
C|> (o] o) o (o] (o] [ o] o] o
|
| 40 I
| STABLE=0 :
[ UNSTABLE=X |
l +20 |
| |
[ |
—_— I
- X b' [o] Q Q [e] Q

-1lo-08 -06 -04 -02

0oz on oe—oa—_ 4
02 04 06 OB g

| i
| !
~20 I
l |
' |
| |
| 40 |
i x X X X X X X I
i X f
l 1-60 !
| |
| |
| |
-80
| 1 :
|
| |
X X x X X -] X x x

Fig. 4 Parameter plane demonstrating instability when
a < 0.

Combining Eqs. (8) with (4) yields,

A — Wt + ot + ki = Kp?® +
2p1 + 4K1)(—A Sil’lplT -+ B COSpﬂ') +
(Kap2?® + 2ps + 4K,) (C sinper —
D cospsr) — €Ay (11a)
B + 2B’ + kB = {a(ps + K1) —
p(Kipr + D} —A sinpir +
B cospit} cosar + {a(Kipi + 1) —
pi(pr + KD} A cospir + B sinpyr} sinar +
{a@2 + K2) — p2(Kap2 + 1)}{—C sinper +
D cospar} cosar + {a(Kap: + 1) —
p2(p2 + K2)}H{C cosper + D sinpyr} sinar +
e(A; siny — Aj cosy) (11b)
Equations (10) and (11) are exact in that they are derived
from Eqs. (3) and (4) with no approximations. Furthermore,
they are of a form amenable to solution by the method of
averaging.® Although a first approximation solution is
straightforward in principle, in reality it requires a great deal
of effort. To make the algebra tractable a ‘“high spin”
approximation, which implies that Ja is large, is introduced.
First Approximation for the High Spin Case
The roots of Eq. (7) may be obtained from the expansion
pt= (Je)2/2 {{1 + 24/ Ta +
(A*+3A + 1)/Ja)?} — {1 +2A/Ja +
(A% 4 34 — 1)/(Je)?} + 0{1/(Ja)*}]

When Ja is large, pi2 22 1, p2 =~ J2a? and consequently
Ky> —1, K~ 1,and § o~ —J%a2 Equations (10) and
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(11) then reduce substantially in complexity. Subsequent
application of the method of averaging as outlined and demon-
strated in Ref. 1 then results in the “averaged’ set of dif-
ferential equations,

(4 = au (4) — an (B); (B) = an(4) + au (B) 12
(€)Y = du (C) — da (DY; (DY = du (C) + du (D) 13)
where
an = —9aR/[2Jaf{(k — 1)? + 1%} ]
an = 3Rk — 1)/[2Ta{ (ke — 1)2 + ¢} 2]
i = eR(J )t

T2k — J2e®? + (cJ@)?]
cla?(J — 1) (Ja)?
2 {k: — a2(J — 1)} + {aa(J — 1)}?7]
R(Ja)2(k; — J2a2)

U= T allh — TP & (eda)t]

Ta(J — D2Ja)2{k, — a2(J — 1)2)
2J[{k: — a®(J — 1?2 + {ea — 1}?)

and the () denotes averaged value.

Discussion

Solutions of Egs. (12) and (13) are stable in the usual mathe-
matical sense (i.e., the motion is bounded when { — «) when
au € 0and diy € 0. The sign of ay; depends directly on the
sign of a, and therefore the criteria for stability may be ex-
pressed as

£0 (14a)
dn <0 (14b)

o

Comparable analytical results derived for a spacecraft in a
force-free environment [i.e., Eqs. (21) of Ref. 1 with @ large]
are found to be embodied exactly in the above Eqs. (13) and
criterion (14b). The appearance of Egs. (12) and the cri-
terion (14a) thus stem from the inclusion of gravitational
forees in the problem formulation.

Criterion (14b) requires no further comment in view of the
large body of literature concerned with the freely-spinning
dual spin satellite.! To provide a check on eriterion (14a)
Routh’s Rules were applied to Eqgs. (3) and (4) with I = 0
(thus the equations under consideration were (3a), (3b), and
(4a), a set of linear equations with constant coefficients).
The results, presented in Fig. 4, are seen to be in complete
agreement with the criterion when |« is greater than 10.

For satellite parameters which are typical of TACSAT or
Intelsat IV* and spin direction such that « is negative, the
previous theory indicates that a wobble with initial amplitude
of 0.01 degrees would grow to 0.1 degrees in 1.6 X 10 yr.
Thus, the motion is technically unstable in that it is un-
bounded as t — , but the instability is of little consequence
in current engineering practice.
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